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INTRODUCTION
Shock compression of metallic crystals is a topic of longstanding interest to research communities in physics, engineering, and materials science. Approaches to modeling the response of anisotropic single crystalline metals to planar shock loading include analytical models [1, 2, 3] , steady wave models [4, 5] , finite difference models [6, 7, 8] , and fully resolved finite element models [9, 10, 11] . These approaches all tend to adopt continuum crystal plasticity theory [12, 13, 14] to describe the constitutive response, whereby a flow rule is used to specify the relationship between shear strength and the rate of plastic flow attributed to dislocation glide, for example. Such rules require prescription of parameters, often many, that specify defect kinetics and strain hardening behavior and typically are fit to experimental data sets.
A Finsler-geometric theory developed first for quasi-static loading in [15, 16, 17, 18] and more recently for dynamic loading [19] is invoked here to model nonlinear elasticity, inelasticity, and microstructure evolution under shock loading. The theory adopted in the present work attempts to realistically depict the shock response with minimal, if any, parameter fitting. Rather, equations entering the theory are obtained using fundamental principles of mathematical physics, and parameters entering these equations are intended to depend only on fundamental structural properties. The director or state vector field of Finsler geometry is linked to an order parameter affecting the thermodynamic state, similarly to phase field theory [20, 21, 22] . Jump conditions for this theory were derived in [19] by extending methods in [23, 24, 25] for Euclidean space to generalized pseudo-Finsler space. A generalized pseudo-Finsler space is equipped with a metric tensor that generally depends on an internal state vector, not necessarily of unit length. In contrast to Finsler space, the metric need not be derived from a homogeneous scalar function of degree one in the internal state vector [17] . Regions far downstream from the shock front are assumed to be in equilibrium with respect to internal state, herein described by a single vector component, i.e., a scalar order parameter.
In particular, the model is applied towards planar impact in magnesium (Mg) single crystals shocked along the c-axis ([0001]). The order parameter is linked simultaneously to inelastic shear slip on six primary pyramidal systems [8, 26] and volume change associated with nonlinear elastic dislocation core fields [27, 28, 29] . Other slip and twinning systems are not activated for this crystal orientation and loading mode. Analytical solutions are derived in terms of a set of algebraic equations that may be solved simultaneously, albeit not in closed form. In addition to modeling the response of the nominal material and verifying results versus experimental data [8] , effects of changes in several fundamental material properties on dynamic shock stress, shear strength, and dislocation density are investigated.
THEORY
The dynamic theory of Finsler-geometric continuum mechanics derived in [19] is used. Only essential aspects are presented here, with the model specialized to inelasticity mechanisms of pyramidal slip and dislocation dilatation in single crystals of Mg.
Let D denote the lone internal state vector component of Finsler geometry, and let ξ = D/l denote the dimensionless order parameter, where l is the regularization length. An isotropic material metric tensor is prescribed [18] , a conformal transformation of Weyl type [30] :
The unit tensor is 1. Components of coefficients of the Chern-Rund connection [31] are used for covariant differentiation [16, 18] . An analogous geometric description and equivalent order parameter and metric g ab (ξ) are used for the spatial configuration, for reasons discussed in [17] . The deformation gradient for planar shocks is that of uniaxial strain and is decomposed multiplicatively [14, 32] :
Both the thermoelastic term F E and the inelastic term F D are diagonal due to symmetry of the crystal structure and the present loading mode, and neither is generally holonomic [33, 34] . The latter term accounts for residual volume change χ and inelastic shearing γ 0 on the six c + a pyramidal systems of type 11 23 {1122} [8, 26] :
Unit vectors s α and m α are the orthogonal direction and plane for slip system α, and maximum slip magnitude γ 0 is another material constant. The scalar ι(ξ) = 3ξ 2 − 2ξ 3 is an interpolation function with vanishing endpoint derivatives. Material constant χ accounts for expansion from dislocation core fields and nonlinear elastic effects when k > 0 [27, 35, 36] :
The shear modulus and its pressure derivative are G 0 and G 0 ; the bulk modulus is B 0 , b is the magnitude of the Burgers vector, and ρ S is the theoretical maximum, i.e., saturation, dislocation density. The Eulerian material strain D E is used in the nonlinear elastic constitutive model since it is more accurate for modeling the high pressure response than the Green strain for most ductile metals, including Mg [7, 37, 38] :
Mixed-variant components are used in what follows, and the intermediate configuration metric [39] with an isotropic scaling of the form in (1) such that the product g abg γβ = δ ab δ γβ . The internal energy per unit reference volume U is a sum of thermoelastic strain energy per unit reference volume W and a structure dependent energy per unit reference volume f :
Entropy η = 0 and temperature θ = θ 0 for the datum of the ambient reference state. Isentropic second-order elastic constants are C IJ in Voigt notation, c 0 is specific heat per unit volume, and Grüneisen's parameter is Υ 0 . In full indicial notation, the second-order elastic constants and their contribution to internal energy are
and thus do not depend on the metric G. In other words, standard isentropic elastic constants are invoked. Physically, let the order parameter be related to the scalar dislocation density ρ D as follows:
The microstructure dependent function f consists of a term linear in dislocation density and a term depending on dislocation density gradients, the latter indicative of pile-ups, for example, or cellular substructure [40] . The effective surface energy is Γ = G 0 b 2 lρ S , where G 0 b 2 is the energy per unit length of dislocation lines [41] . First Piola-Kirchhoff stress and temperature obey the usual thermodynamic identities
Tensor P is related to symmetric Cauchy stress by σ σ σ = PF T / det F. For shock loading in the X 3 = Z direction, the shock stress, positive in compression, is defined as
Regions far ahead and far behind the shock front are assumed to be in equilibrium with respect to internal state. Analogs of Rankine-Hugoniot equations are [19] 
The steady shock velocity is D, and the particle velocity is v. Downstream, a Ginzburg-Landau type equation holds with vanishing rate [19] :
With compressive deformation = F It is emphasized that the internal energy U is measured per unit initial or undeformed configuration volume rather than per unit intermediate configuration volume. When ξ > 0, specific volumes in initial and intermediate states differ when χ and k of (4) are nonzero, a result of dilatation from dislocation core fields and local nonlinear elastic effects [36, 42] . Use of the energy per unit initial volume rather than per intermediate volume is the simpler approach. For the present application, the effects of the Finsler metric tensor are effectively isolated to the term on the right side of (13) that vanishes for Riemannian geometry, including Euclidean space. Furthermore, thermodynamic relationships such as (10) demonstrate standard forms reminiscent of nonlinear thermoelasticity [43] . Perhaps a more physically justified approach to be explored in future work, as undertaken for example in prior shock physics models of brittle materials undergoing significant dilatation [44] , would replace U with the internal energy per unit volume in the intermediate state which serves as the reference configuration for the instantaneous thermoelastic response. However, such an approach would introduce drastic mathematical complexity, and analysis of effects of the Finsler metric on the predictions of the model would become more difficult. Regardless, differences between the two approaches would be expected to be minor for the specific application that follows since the maximum residual dilatation predicted later for shock compression of Mg is on the order of 0.2%.
RESULTS: SHOCK LOADING OF MAGNESIUM
Properties of Mg single crystals pertinent to the present model and loading protocol are listed in Table 1 . Most are self explanatory. Saturation dislocation density ρ S corresponds to approximately one defect per 100 unit cells or a minimum mean dislocation separation distance of about 10 lattice parameters. Weyl parameter k corresponds to the volume change predicted via (4) at saturation with G(ξ) scaling the reference volume [16, 18, 19] . The only parameter not known independently a priori is γ 0 , which is set to its listed value to provide agreement with test data [8] as reported next.
Axial shock stress P normalized by the bulk modulus B 0 is shown versus compression in Figure 1(a) , where J = υ/V = F inelastic shear accommodation (fit) correspond to the Weyl scaling parameter k > 0 as listed in Table 1 . Results for k = 0 omit the density change from dislocations. Experimental data correspond to planar impact tests on single crystals [8] . The isentrope for purely elastic uniaxial strain compression corresponds to ξ = 0 throughout the deformation process. Excellent agreement between model predictions and experiment is evident. Post-yielding, shock stress is higher for the case when inelastic density change is included (k > 0), in agreement with predictions for other solids [45] . Stress P is largest for the isentrope since inelastic deformation by slip that would otherwise relieve elastic strain is excluded.
Dynamic shear strength τ normalized by shear modulus G 0 = 1 2 (C 33 −C 13 ) is shown versus compression in Figure  1(b) , where specifically τ = 1 2 |σ 33 − σ 11 | is half the difference between longitudinal and transverse components of Cauchy stress. Agreement with the experimental data point is reasonable, with differences around 25% at = −0.066. Figures 1(c) and 1(d) show Cauchy pressure p and internal energy U normalized by the ambient bulk modulus. Finsler solutions are stable relative to the isentropic elastic solution that has the largest energy. Temperature θ is shown in Figure 1 (e): entropy production (e.g., associated with plastic dissipation) leads to temperature rise that is absent for the isentrope. Shock velocity D versus particle velocity v is reported in Figure 1 (f), normalized by the linear elastic wave speed C L = C 33 /ρ 0 . When P exceeds the HEL, a drop in shock velocity occurs commensurate with a loss of stiffness. Such behavior corresponds to development of a two-wave structure typical of ductile metallic solids, with an elastic precursor followed by the slower moving plastic wave. Shock velocity reaches a local minimum as yielding takes place and then, in the plastic regime, increases with increasing particle velocity. Agreement with experiment is again reasonable, with the k > 0 solution more accurate at lower particle velocity and the k = 0 solution more closely matching the higher velocity data point. Considering possible variation from experimental measurements, superior accuracy of this particular set of model predictions with or without inclusion of nonzero k cannot be verified.
Effects of variations of parameters Γ, related to stored energy of dislocations, and γ 0 , the shear strain when dislocation density reaches saturation, are shown in Figure 2 . Results labeled as "nominal" correspond to properties in Table 1 . Shock stress and shear stress increase with increases in the variable properties/parameters, suggesting that alloying or other materials design efforts might be sought to facilitate such benefits. Increases in stored energy of cold work have been elsewhere suggested as improving dynamic perforation resistance of metals [46, 47] , which is closely related to dynamic shear strength. Specific processing paths leading to increased energy storage and slip accommodation at saturation are not presently known for Mg, though it is speculated that tailoring of composition or initial microstructures leading to different dislocation substructure evolution under shock loading would affect these parameters. Dislocation density increases versus compression differently for the different cases in Figure 2(c) . On the other hand, the normalized relationship between effective (linearized) cumulative slip γ ≈ ι/6 and dislocation density is universal for the present model, as shown in Figure 2(d) .
As mentioned above, parameter γ 0 is assigned a value of 1 6 ( Table 1) in order to best fit the limited test data [8] for shock stress P and shear stress τ. If interpreted as a maximum allowable shear strain on a slip system, the present value of 1 6 might be considered small. However, increasing γ 0 leads to lower equilibrium values of ξ, lower total plastic shear deformation, and higher axial and shear stresses, as is evident from Fig. 2 . It is understood that the present, rather simple, constitutive model for slip with the prescribed value of γ 0 would require modification or generalization to address other loading scenarios wherein much larger cumulative shear would be expected on a slip system. Additional internal state vector components, i.e., order parameters, would be needed to account for different magnitudes of slip on different systems as well as other deformation mechanisms such as twinning in Mg [20, 48] .
CONCLUSIONS
Finsler-geometric theory has been invoked to describe slip and dilatation from dislocations in metals subjected to planar impact. With one exception, all parameters are obtained from fundamental experiments, without further calibration. Analytical predictions for shock compression of Mg along its c-axis demonstrate close agreement with experiment when inelastic shear is limited to pyramidal slip. Parameter studies predicting effects of variations in stored energy of dislocation fields and shear slip accommodation have been reported. Results suggest that moderately and highly improved dynamic shear strength can be obtained, by doubling, respectively, the energy stored per unit dislocation length and the inelastic shear slip accommodated when the crystal is saturated with dislocations.
